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New Spinor Representation of Maxwell’s
Equations. I1. Algebraic Properties
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By using the spinor representation of the electromagnetic field tensor shown in
a previous paper (Campolattaro, 1979), several typical algebraic properties of
the field are deduced.

1. INTRODUCTION

In the previous paper (Campolattaro, 1980)? a new spinor representation
of Maxwell’s equations was deduced. In this representation for any electro-
magnetic field, its field tensor F* and its dual *F#* can be written as
follows:

Fo =¥ SP¥ (1.1)
*F=Yy’SPY (1.2)

where
*F’“’=%e’"""nmvTBF“B (1.3)

and &*°" the Ricci pseudotensor with entry +1 if the parity of the
permutation uror of the indices 0,1,2,3 is even, and —1 if odd, and entry
zero if two or more indices are equal; n* is the Minkowski metric tensor

!Permanent Address: Physics Department, University of Maryland, Baltimore County
Campus, Baltimore, Maryland, U.S.A.
2Hereafter referred to as I.
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given by
0 1 2 3
L 0 [l 0 0 o
™=1 lo -1 0 o (mr=0-3) (1.4)
2 10 0 -1 o0
3 lo o o -1

Moreover V¥ is a spinor, ¥ its Dirac conjugate, i.e.,
¥ =yhy0 (1.5)
with ¥’ the Hermitian conjugate of ¥, and S* the spin operator given by
S” = %-}'“‘y"] (1.6)

Here one has

Yy =3(y"y" = y'y") (1.7)
with the y’s the Dirac matrices, defined by their anticommutation relations
YRy Yyt =20" (1.8)

and which in the Dirac representation read

1 0 0 0 0 0 0 1
p=l0 1 0 o i_| 0 010
0 0 -1 0 0O -1 0 O
(0 0 0 -1 -1 0 0 O
0 0 0 -—i 0 0 1 0
2_| 0 0 i 0 si_| 0 0 0 -1 1.9
Y o i 0 of TT|-1 00 o0 (19)
L—¢i 0 O 0 0O 1 0 0
and y° is given by
0 0 —i 0
s_.o,23_| O 0 0 —i
Y=YYYY’=| . o o o (1.10)
—i 0 0

y¥ = yoyHyO (1.11)
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Maxwell’s equations therefore read as follows®:
(¥S%),, =" (1.12)
(Fy’s#¥),, =0 (1.13)

Moreover, the duality rotation (Rainich, 1925; Misner and Wheeler,
1957) by the “complexion” a, namely,

F¥ cosa+*F"sina (1.14)

is equivalent to a Touscheck-Nishijima (Touscheck, 1957; Nishijima,
1957) transformation for the spinor ¥ in the spinor ¥’ given by

V' =/ Dy (1.15)
with
cosa=TV¥ /p (1.16)
and
sina=¥y*¥ /p (1.17)
where p is given by
p?=(T¥) +(Ty¥) (1.18)

In this representation, several algebraic properties of the electromag-
netic field are deduced. Several of these properties have been already
discussed in the framework of geometry, electromagnetism, and gravitation
by several authors (Rainich, 1925; Misner and Wheeler, 1957; Ruse, 1936;
Whitten, 1959, 1962) and are represented here, in the above-mentioned
spinor formalism, for their applications in forthcoming papers.

2. ALGEBRAIC PROPERTIES OF THE ELECTROMAGNETIC
FIELD

In the above-mentioned representation the two invariants 7, and I,
given by
L, =1F Fw=H>—E2
1 27w (2 1)
3Hereafter we shall use the Einstein sum convention under which the sum is understood when

two indices are repeated, and a comma followed by an index indicates the operation of
partial derivative with respect to the variable with that index.
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and
=1F *Fw=2FE-H (2.2)

25wy

with H and E, respectively, the magnetic and electric field, become, by
means of (A.14) and (A.16) from Appendix A,

=1 [ (T¥) —(@ﬁp)z] (2.3)
L=;(¥¥)(¥y°Y) (2.4)

Therefore
112+122=Tlgp4 (2.5)

By subtracting from (A.11), (A.12) and by using (A.14), one has
(¥s»¥)(¥5,,¥)— (Fy’S»¥)(¥y’S,, ¥)
=1(TS™¥)(¥5,%)8: =3 {(TO) - (Fy°¥)’} 87 (2.6)
which is the spinor equivalent of the identity
F®F,, —*F®*F, =3 F*F 8} 2.7
On the other hand the other well-known identity
F *F¥=1F,*F¥s} (2.8)
is nothing but the identity (B.9)
(TS, ) (Ty’S™¥) =5 (FT)(Ty*¥)s,

once (A.16) is used. Moreover, by using the usual definition for the
energy-momentum tensor, namely,

T} = F*F,,— ;8}/F°F,, (2.9)
one has for (A.11) and (A.14)

Th= %[ % —2(Ty ) (Ty, ¥) - 2(¥y>y ) (Ty Y,,‘I')] (2.10)
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which by means of (A.2), (A.3), and (A.4), readily gives
THT) = o't @.11)
from which the other
THT) = 0" (2.12)

The utilization of the identities (A.2), (A.3), and (A.4) permits one im-
mediately to have from (2.3) the following:

THT vy ¥)= — 1o (¥y*¥) (2.13)
and

TH¥ Yy V)= — 1pH(¥yy"¥) (2.14)

By means of these two vectors we can construct two complex vectors k#
and /, which are both null, i.e., kk*=0 and L1*=0 and such that kyl“ =1.
They are

k= ‘Z‘JTP [(Fr,9)+i(¥r,¥)] (2.15)
and
l,= 21}2’) [(WYM\II) - i(EYSY,L‘I’)} (2.16)

which, by means of (2.13) and (2.14), are still eigenvectors of T} corre-
sponding to the same eigenvalue — %pz, ie.,

THe = — 1p%k* (2.17)
TH = —1p¥” (2.18)

It is readily seen that the two complex vectors k, and /, are also eigenvec-
tors of F! and *F! corresponding, respectively, to the eigenvalues
+3ipsina and F %pcosa. This result is quite trivial once one takes the four
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identities (A.6), (A.8), (A.9), and (A.10) and remembers (2.15) and (2.16)

(VS W)k, = — 2p(sina)k* (2.19)
(TS* W), =1p(sina)l* (2.20)
(¥y°S*¥)k, = 1p(cosa) k* (2.21)
(¥y°S*¥)l,= —3p(cosa)l* (2.22)

with cosa and sina given by (2.11) and (2.12).
Moreover one has by straightforward calculations

kM, +k, 1" = # [(Fy ) (Fy,%) +(Try ¥) (T, ¥)|  (223)

By substituting into the expression for T} given by (2.10) one has the
representation of the energy-momentum tensor in terms of these vectors &,
and /,, ie.,

2
TH= 38— [(82—2(KkH, +k,1*)] (2.24)

14
The electromagnetic field tensor as well as its dual are both susceptible of
being represented in terms of their common eigenvectors, k, and /,, as has
been done in the previous section for the energy-momentum tensor. In fact

by taking (2.15) and (2.16), by means of (A.2), (A.3), and (A.4) one readily
has

o= S~ ) = 2 [y )T 0) -y O(Fr )

(2.25)
which by using (B.11) reads

Kep= = [ (Tre)Fsmy) - (FNEPSH)] (226)
P

On the other hand (1.16) and (1.17) hold and (2.26) can be written as
follows:

Kepl= % [(FS™¥)sina—(¥y’S *¥)cosa| (2.27)
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Equation (2.27) states that the bivector pk!*’! coincides with the tensor

¥ §*¥ after a duality rotation by an angle a—= /2. Therefore the tensor
¥ S*¥ will be the bivector pk!#*! after a duality rotation by an angle
7/2—a, e,

(¥ 8™ ¥)=p[ k*Plsina+ *(k*PN)cosa] (2.28)

From equation (2.28) one readily finds the corresponding equation for the
dual of (¥ S$*¥). In fact by taking the dual on both sides of (2.28) one has

(¥y°S#¥)=p[ kPl cosa—*Kk*Plsina] (2.29)

3. CONCLUSIONS

The typical algebraic properties of the electromagnetic field tensor
have been deduced in the spinor formalism after the spinor representation
given in 1.

In the two appendices, two mathematical techniques for obtaining
several spinor identities have been exposed and utilized for deducing those
that have been used in the text.

APPENDIX A: SOME IDENTITIES THAT HAVE BEEN USED
IN THE TEXT

In I, it was shown that for any three spinors ®,, ®,, and ¥ the
following fundamental identity holds:

(" ¥)(2,7,%) = (2,%)(D,%) +(D,v°¥)(D,1°¥) (A1)
From this many other useful identities are deduced. By taking
S, =V and O, =V
one readily has
(@y”‘l’)(@n‘l’) = (6‘1’)2 + (@yS‘P)Z =p? (A2)
with

®,=y¥Y and O,=y°¥
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one has
(@ysy"‘lf)(@'ys'y“‘lf) = (“i’v\lf)2 + (@qu,)2 =p? (A3)
and by taking
o, =Y and ®,=y¥
one has
(Fy o) (¥yy,¥)=0 (A4)
Another important identity is the following:
(Tt ¥) (T, ¥) = (Ty*¥)(TP) +(TyW ¥)(TyF)  (AS5)
whose demonstration is readily achieved by taking into (A.1)
&, =yrV¥ and O, =¥
and by noticing that since one has (1.11) one also has
51 =Jyh
By means of (A.5) the following identity is readily found:
(TS»¥)( Ty, ¥)=—1i(¥y°¥)(Ty'y"¥) (A.6)
In fact by using (1.6), (1.7), and (1.8) one has
s#=Li(yty =)= §i(n® —v"y¥) (A7)

and by means of (A.5) one obtains (A.6). The same technique applies for
the other identities

(TSP O)Tyy, ¥) = 1i(¥y ¥)(Ty*¥) (A.8)
obtained from (A.1) with the position
D =y*¥ and O,= vV

(Ty’s»¥)(¥v,¥)=12i(TE)(Tyy"¥) (A9)
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with
o, =y%¥ and @,=¥
and
(Ty°s¥¥)(Ty'y, ¥) = — Li(¥¥)(Ty*¥)
with

&, =y%¥ and B,=y¥

Similarly one has the other identity

(TS5 ¥)(¥S,,¥)=1 [(Tnp)za; —~(Ty"¥)(¥y,¥)
~(Fry u)(Try,Y) |

(Fr’s#¥)(¥r°s,, )= [ (Fr9)'8;—(¥r"¥)(¥1,%)

—(Fry ¥)(Fry,¥) |

(Ty°s=¥)(¥5,,9) =5 [ (FO)(Tr*¥)5; + (TE)(Tv'y 7, ¥)

135

(A.10)

(A.11)

(A.12)

= (Fr )Ty 1, 9) + () (T 8) — () (T, )]

And from (A.11), (A.12), and (A.13) one readily has by contraction

(T ) (¥5,,0) =4[ (T) - (¥y°9)’]

(.@YSS“”\I’)(WYSSW\I') = — % [(_\17‘1’)2 - (T’YS‘P)Z]

and

(Fy°s»¥)(¥S,,¥)=T¥)(Ty'Y)

(A.13)

(A.14)

(A.15)

(A.16)



136 Campolaitaro

APPENDIX B: A TECHNIQUE FOR DETERMINING OTHER
SPINOR IDENTITIES

A simple technique for deducing many of these identities is based on
the use of duality rotation transformation of spinors (1.15). An example
will be enough for clarifying the technique. The identity (A.14) is true for
any spinor ¥, hence it is true also for the spinor ¥, which is obtained, in
particular, from the spinor ¥ by means of a duality transformation of an
angle 7 /4 so that (A.14) reads

(Ter/Asmer /4y )(Ter™/4S, e Y/ *T)
=1 [ (Fer'7/2¥) — (Ter™/AySern/ 4\1')2]

which by using the anticommutation properties of the y;s, gives (A.15). An
application of this technique will unable us to demonstrate straightfor-
wardly some other identities.

Our objective is to demonstrate the following:

(Ty’s»¥)(¥S,,¥)=(¥s"¥)(¥y'S,¥) (B.1)

By indicating with a subscript the angle by which the spinor is dually
rotated, we have

(¥5,0%),5=27"[(¥S,%)+(¥7S,.¥)] (B.2)
and
(¥7°S,,%), ,s=27"/[(¥7°5,,¥) = (¥5,,¥) ] (B.3)

so that one has
[(Frswe)(¥s,¥)], =3[ (Fr's»¥)(Fr’S,¥) - (¥ ¥)(¥5,¥)
+(TySP¥)(¥ S, ¥) - (TS»¥)(¥y'S,, V)]

(B4)
which by means of (A.11) and (A.12) gives

[(—‘I’—YSSI“’\I')(‘I'SM\I') L/s = %{ —1 [(@I,)z_ (575?)2]6:

+(TSPY)(ES,,¥) - (TS ¥)(¥7'S,,¥) }

(B.5)
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By a duality rotation of the spinor ¥ by an angle « /4, since the product of
two duality rotations is commutative, (B.5) reads

1

[(@s52¥)(Tys,, 7)), /8=;{§[(W)2—(%5\1f)2 ]
+(Ty’smE)(Ts,,¥) - (T5=¥)(Ty's,¥)}

(B.6)
The comparison of (B.5) and (B.6) gives

[(Frsew)(¥s,,¥)]| =[S ¥)(Tr'S,¥)] (B.7)

7/8

A further duality rotation by —«/8 permits one to demonstrate the
identity (A.17). Equation (B.7) then reads

[(Frs¥)(¥S,,¥)], ,=—3 [(E\I/)z—(%S\p)z]a; (B.8)
which, by a duality rotation by an angle — /8 gives
(EYSSWW)@SM;\P) =1(¥¥)(¥y ¥)s; (B.9)
By substituting the last result into (A.13) one has
(PO (¥y’yy, ¥)— (¥r°¥)(¥y™y, ¥)
= (Y7, ¥) (v’ ¥) - (v ¥)(Ty%y, ¥) (B.10)
which written in contravariant form and by using (A.7) reads
(Y T)(FS™F) — (TE)(Ty’S™¥)
=3[ (Fy O (Try ¥) — (Ty " ) (T V)|

(B.11)
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